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I. INTRODUCTION 



The emergence of the theory of integrable nonlinear partial differential equations is one 
of the most important developments in mathematical physics over the last quarter of the 
last century. In this paper, we study nonlinear differential equations of the form 



Such equations have applications in many fields of mathematics and physics. First examples 
of integrable nonlinear hyperbolic equations were discovered in the 19th century in the works 
of Liouvillei, Backlund 2 ' 3 , Darboux- and other classics^ in the study of surfaces of constant 
negative curvature. Then the work was long forgotten, and the interest in them revived 
only in 1970 due to the numerous applications of hyperbolic equations to physical problems 
(continuum mechanics, quantum field theory, the theory of ferromagnetic materials, etc.), as 
well as in connection with the development of the inverse scattering method. The number of 
publications related to hyperbolic integrable equations is so large that we cannot list them 
all, so we restrict ourselves only to the reviews and some articles, which are close to the 
subject of our study. 

Despite the large number of publications, the classification problem of integrable equations 
has not yet been completed. For solving a part of this problem we deal with differential 
substitutions, which play an important role in the study of integrability of differential 
equations^"—. 

Definition 1 The relation 



if the function v satisfies the above equation for every solution u(x,y) of ([T]). 

One of the effective methods of investigating integrability of nonlinear equations is to use 
the cascade method of Laplace integration^ of the linearized equation 

Pxy fu x Px fuyPy fuP = 0. 




(1) 



\ ' dx ' ' dx n ' dy ' ' dy m / 
is called differential substitution from equation ([I]) in equation 
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This method was proposed by Zhiber, Sokolov, Startsev^ 1 ^ and Anderson, Kamran, 
Juras^^. 

The sequence of functions Hi that are uniquely defined by the formulas 

H D ( dF \ 9F 9F 3F H D ( dF \ dF dF dF 

1 y \ du y ) du x du y du 7 x \ du x J du x du y du 



H i+ i = 2Hi — Hi-i — {In Hi) 



xy 



is called a sequence of Laplace invariants and it is base of this method. There is a close 
relationship between the properties of nonlinear equations ([1]) and the chain of Laplace 
invariants. Zhiber and Sokolov^ gave classification of equations of Liouville type and 
provided a procedure for finding a general solution by using Laplace invariants. Startsev^ 1 ^ 
described the properties of the sequence of Laplace invariants of hyperbolic scalar equations, 
which have substitutions of any number of high-order. 

Differential substitutions are special cases of Backlund transformations and allow to 
obtain solutions of the equations from solutions of known integrable models. It has been 
shown 20 that nonlinear equations, whose linearizations are related by Laplace transformations 
of the first and second order, are related by Backlund transformations. 

There are number of papers dealing with some differential substitutions that are related 
to nonlinear hyperbolic equations^— . As an example we illustrate the equation^i 2 ^ 



l^xy 



S{u) y/T^^Jl - v? y , where S" - 2S 3 + \S = 



and A is an arbitrary constant. This hyperbolic type equation is reduced to sin-Gordon 
equation 



v xy = c sin v 



by differential substitution 

v = arcsin-Ua; + arcsinw^ + P(u), where P' 2 = 2S' — 2S 2 + A. 
Therefore, equation 



u xy = sin tiy 1 — 



is reduced to sin-Gordon equation by substitution v = arcsin-u^ + u and also equation 



u xy = Uy/l — u x by substitution v = arcsinw a 



Equation 



u 



xy 
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is reduced by v — arcsinw x . to wave equation v xy = 0. 
The modified Tzitzeica equation is given by 

Uxy = S(u)b(u x )b(u y ), where S" — 2SS' — AS 3 = 

and the functions b, b is determined by the formulae 

(U X ~b){b+ 2U X f = 1, (Uy ~b)(b + 2Uyf = 1. 

It is reduced to Tzitzeica equation 

u xy = c.\ exp u + c 2 exp(— 2u) 

by substitution 

v = --ln(u x -b)--ki(u v -b) + P(u), where P' 2 - 2SP' - 3S' - 2S 2 = 0. 
The known Goursat equation 



U X y v/ U X Uy 

is reduced by f = to — v/A. 

It is known that the hallmark of integrability of the equation is the existence of higher 
symmetries. In 1979 Zhiber and Shabat^ have proved that nonlinear Klein-Gordon equation 

v xy = F(v) (2) 

had the algebra of higher symmetries if and only if it was equivalent to the Liouville equation 

v xy = exp v 

or to the Tzitzeica equation or to the sin-Gordon equation. 

Recently, all the equations of the form (pQ) reduced to the Klein-Gordon equation d2J) by 
differential substitutions 

v = (p{u,u x ) 

were described 25 . 
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In this paper we present a complete classification of nonlinear differential equations of 
the form ([I]) reduced to the Klein-Gordon equation (jSJ) by differential substitution 

v = ip(u,u Xl u y ), PuxVuy^O (3) 

and we proved the following theorem. 

Theorem 1 Suppose that equation ([I]) by differential substitution is reduced to the 
Klein- Gordon equation (j2J). Then the equation (j2J) takes one of the following forms: 

v X y = c, v xy = v, v xy = exp v, v xy = sinv, v xy = exp v + exp(-2w) 

up to point transformations v — > 9{v), x — > £(x), y — > ({y)- Here c is an arbitrary constant. 

II. DIFFERENTIAL SUBSTITUTIONS OF THE FORM 

V = (p(u,U x ,U y ), ip Ux <-Pu y 7^ 

Firstly, we note that variables 

1i, U X j U xx ^ ^yyi 

are independent because we cannot connect them with each other by equation ([T]) and 
its differentiated forms. So every mixed derivatives will be expressed by equation ([I]) and 
removed from all the expressions. Thus, u xy is replaced by f(u,u x ,u y ), u xyy is replaced by 

fu U y "I" fu x f 4" fuyUyy, 

and so on. 

By substituting (j3J) in (j2J) and using the equation ([I]), we get 

Vuf + U X (ip UU Uy + <fi UU J + 

^Puuy'U'yy) ^xxyPuxU^y + <£u x U x f + ¥u x UyUyy) + 

+<Pu x (fuU x + f Ux U xx + f Uy f) + if Uy (f u Uy + f u J + fuyUyy) + (4) 
+/ {(fUyuUy + tp UyUx f + fuyUyUyy) = F {(f) . 

Since the function F depends only on u, u x and u y , we should have the terms before u xx , u yy 
and u xx u yy are equal to zero i.e. 

U XX Uyy . fu x Uy 0) (^) 

Uxx ■ ^fuU x Uy ~T~ fu x U x 

f + Vu x f Ux =0, (6) 

Uyy i (f U UyU X + fuyUy + f^UyUy = 0. (7) 
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Integrating © - © leads to 

ip = p(u,u x ) + q(u,u y ), (8) 

<f u Uy + ip Ux f = A(u,u y ), (9) 

<p u u x + <f Uy f = B(u,u x ). (10) 

And the remaining terms in (jlj) give the following equation, 

/(<£>„ + U X (p UUx + Pujuy + Vuyfux + Uyip uUy ) + IfiuuUxUy + (u x ip Ux + Uy(p Uy ) f U = F ' (<f) • (ll) 

Hence the problem (jTJ - is reduced to equations (JSj)- (|lip . From (jH]), fTTU]) we get 

(A - Uytp u )(p Uy = (B - u x tp u )tp Ux . (12) 
We differentiate (JI2"|) with respect to u x , u y and obtain 

{u y y Uy ) Uy Wuu x = {u x (p Ux ) Ux Vuuy (13) 

The relation (TT3j) is valid, if one of the following cases holds: 

<£W = 0, (p UUy = 0, (14) 

(fuu* = 0, (u x ip Ux ) Ux = 0, (15) 

( u yVu y ) Uy = 0, <Puu y =0, (16) 

( u y^y) Uy = 0, (u*Vu x ) Ux = 0, (17) 

(WJ - (M ^ = A(«), AH^O. (18) 



Let us study Q18|) at first. Using (jSJ), we get 
Therefore 

«y?«„ = K u )Qu + C(u), u x p Ux = X(u)p u + E(u). 
We integrate these equations and obtain 

q = ^(uyKfa)) +e(u), p = $ 2 (u x k(u)) + /i(u), 
k(u) — X(u)k'(u), \{u)e'{u) + C(u) = 0, \(u)p\u) + E(u) = 0. 



It follows that 

cp = a (u) + $ 2 (u x k(u)) + $1 (u y K(u)) , (19) 
where a = e + fi. Further, the point replacement 



J K{u)du — > u 



in ( 1191) gives 

ip = a(u) + P(u x )+ 1 (u y ). (20) 

Thus, condition ( 1T81) provides the form ( 1201) . If we combine ( 1141) with ([8]), we get ( 120]) again. 
Let us study (1T51) . Under this case, using ([8]) yields to 

Puu x = 0, (u x p Ux ) Ux = 0. 

Hence 

p = a{u) + c\nu x + c\. 
Here c ^ 0, Ci are arbitrary constans. Thus, we obtain 

ip = a{u) + c\iau x + q(u, u y ). 

Replacing a{u) + q(u, u y ) by q(u, u y ), we get 

ip = c\iau x + q(u, u y ). (21) 



The condition (1161) is symmetrical to ( 1151) under the change of variables x <H- y. 
Under condition ( ITTj) with ([8]) we have 

K^J^ = o, K^L = °- 

This yields to 

q = fi(u) \nUy + e(w), p = k(m) lnM^ + 5(u). 
Consequently, function ip is described by the formula 

ip = a{u) + k{u) \nu x + fi(u) \nuy. (22) 

Thus, the original classification problem ([T]) - flSJ) is reduced to three cases (120|) . (l2~Tj) and 
(122]) . Now, we will analyze these three cases. 



III. CASE 1. y? = a(u) + /3(u x )+ 7 (u y ) 



We substitute ([20} in the equality (Pj). We get 

(A(u,Uy) - u y a'(u))j'(u y ) = (B(u,u x ) - u x a' (u)) (5' (u x ) = /i(u). 
Since independent, it follows that 



A = — + u y a'(u), B=—+u x a'. 
7' p 1 



We replace A, B in (fTU]) and obtain 

= Mm) m) 

1 P'{u x )i{Uy)' 1 ^ 

Substituting (123|) in the equation ffTTj) gives 

^ " « 2 (£ + £) ^ + + ✓ + = F(« + „ + 7 ). (24) 

Thus, the problem ([I])-® is reduced to (pMI) . 

By differentiating (124)) with respect to and separately, we have 

-"^^y-^ (^ya^ + y (j* J + ^ ^y ~ M ^ J = F (a + /3 + 7 )/3 , 



-«7^ " ^ ( g)' ^ " ^) + «V + + i ) = na + /J + 7)7'- 



We exclude F' from these relations and obtain 



f3" ( /3" \ ' (3" 7" / 7" \ ' 7" 

-M ^— J + a %y-^ 7 '— = -a'fi— -fi 2 +a"u x P'-fi'u x (3'—. (25) 

d 2 

Applying — — - — to both sides of (j25|) . we get 

ou x duy 

A*' (W)' ( S V - («✓/)' fCV V 0. (26) 



y 2 y v w w 
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It now follows that equation (126)) is satisfied if one of the following conditions holds: 

H\u) = 0, (27) 
(u x P')' = 0, {uyi)' = 0, (28) 



(u x py = 0, ( ^ ) = 0, (29) 



^ ) = 0, (u yl y = 0, (30) 



62 = °> fe) = ' ( 31 ) 



^'-^'^0. (32) 



/3' 2 J I 7' 2 



Note that in the conditions (128)1 - (152)1 . /x'(tt) ^ 0. 
Now let us prove the following statement. 

Lemma 1 Under the condition ([27)1 . we /iai>e i/iai equations ([T]) ; (J2j) anc? substitution 
up to point transformations take the form: 



u 



xy 



0, = Bxpv, v = a(u) + \ia(u x Uy), a" = exp a; (33) 



U X y U x 1ly^ V X y 



expw, v = a(u) + hi(u x Uy) , a" + a' + 2 = exp a; (34) 



-u x u y , v xy = 0, v = exp u + (ai + b\)u + ai In u x + bi In u y ; (35) 
u xy = cy/ul + a 2x Ju 2 y + b 2} v xy = — (exp v - a 2 b 2 exp(-v)) , 



t) = In m 



' .I 1 



^xy = cyl — m 2 . y 1 — Uy, v xy = — c sinw, v = arcsin + arcsin u,,; (37) 

c 2 v 

U X y — Cy/tl X Uy, V X y = , U = 4~ y/Uy] (^8) 



"xy 





^xy 


-c 2 sin 


u = arcsin + arcsin 


U x Uy^ 




c 2 t> 




^xy 








c 2 


= \A*x + M yi 


— Cy/U^, 


^xy 


2' " 


V>xy Cj 


^xy 


0, v = 


^x ~T ^i/? 


M i) W xy 


= -ic 2 


exp 


f = — i arcsin u x + In w y ; 



(39) 
(40) 



u xy = cu y y\ — v%, v xy = — ic exp t>, v = — i arcsin u x + \nu y ; (41) 



a. r tl = ° 1 . , v xy = b 1 , v = u x + ~i(u y ) + u, ai -a\\ = bii] (42) 
71% J 7 



'U 



xy 



o(«x + C 7 )(«y + C 9 ), Ujjj, = 0, 



(43) 



i) = ai ln(u x . + c 7 ) + 6i ln^ + c 9 ) + it, aai + ab\ + 1 = 0; 

Uxy = 0, V xy = 0, f = /3(«a.) + j(u y ) + U. (44) 
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Here a", a', 1 are linearly independent functions, c, c\, c-i, cj, eg, at 7^ 0, b\ 7^ 0, a 7^ 0, 62, 
<i2 are arbitrary constants. 

Proof. If the condition (127)) holds, then //(it) = c, where c is a constant. We rewrite (125)) 
and get 

^ + c2 + = c «'^ + c2 (^)' + «XV = (45) 

From (j4"5)) . we have 

cr(tt) = + B X Q!"(«) + C 1; (46) 

where A\, Bi, C\ are constants. Rewriting (143)) gives 



a' (cf; - Ax) + a" (u x (3' - B l ) = C x - c 2 (f^)' . 



(47) 



Suppose that 1, a', a" are linearly independent functions, then 



,2 



Mx u y B x Bf 



Therefore 



We rewrite the equation (124)) according to the above relations. We obtain 

feet' 2c 2 \ 
UxUy \Bj + ~Bf +a ") =F ( a + ( 3 + ^- ( 48 ) 

Since 1, a', a" are linearly independent functions, it follows that F 7^ 0. By differentiating 
( 148)) with respect to u x and using 0' = B\/u x , we get 

1_ _ F'(a + f3 + 1 ) Bi 
u x F(a + (3 + 7) m x ' 

Consequently 

F{z) = C 1 gx${z/B 1 ), z = a + /3 + j. (49) 
We substitute (USD in (USD and obtain 



ca! 2c 2 „ ^ (a C 2 C 3 



10 



with j3 = B\ \a.u x + C 2 , 7 = B\ \a.u y + C3. Thus, we have 



CU X Uy 

'■'■a ~ j )2 • 



a ,,„ — — 7-. v = a(u) + Bi \n(u x u y ) + C 2 + C 3 , v xy = G\ exp(v/Bi] 
c— p + 2c — o + a = Gi exp 



After the replacement (a + C 2 + C^j/Bi — > a, vjB\ — >■ t>, equations (l5Up takes the form 



cu x u v C\ a' n 1 „ G\ 

u xy = o2 , f = Qt(u) +ln(« a; w 2/ ), Ug-y = — expw, c— 5 + 2c — j + a =— exp a. 

(51) 

Finally, the replacements v — > v + ln(Bi/Ci), a — > a + ln(£>i/Ci), cjB\ — >• c bring fl5T]) to 



u x . y = cu x u y , v = a{u) + \n(u x u y ), a" + col + 2c 2 = exp a, f xy = exp v. (52) 

If c = 0, then equations (|52p takes the form (I33p . If c 7^ then the replacements cu — > u, 
a a + lnc 2 put ([52]) into (JM]). Thus, if 1, a', a" are linearly independent functions then 
the case is reduced to (133]) or ( 134]) . 

Now, suppose that 1, a', a" are linearly dependent functions. It means that 

da" + C*ot + C 3 • 1 = 0, + C 2 + C 3 2 ^ 0. 

If C\ = 0, then C 2 7^ and we get 

a' = c. (53) 

If Ci ^ 0, then 

a" = c\ct + c 2 . (54) 

Case ( 15"3"|) is a particular case of (154]) . Equation (154"]) has two families of solutions: 

2 1 
a = c^u + C411 + C5, a = — exp c\u + C6« + c-j. 

Cl 

The constants C5, C7 are reduced to zero by replacing + C5 — )■ /3, /3 + Cj — > (3. Hence 

a = c 2 u 2 + c 3 u (55) 

or a = — exp C\U + C4W which is equivalent to 

a = exp c\u + C4M, ci 7^ (56) 

by the replacement u — > u + (lnci)/ci and reducing the constant to zero. 
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Now concentrate on the case ( 156]) with taking into account that fi(u) = c. Basic equation 
2H) becomes 



c(ci exp c\u + c 4 ) 2 



We differentiate fl57|) with respect to m and obtain 



[~l2 + "pa J ^7 + c i exp(c 1 w)n x .M ?/ = F(a + /3 + 7). (57) 



cc?exp(ci«) o , , w , 

- + c x exp^ciMjUxMy = -r (a + p + 7j(ci exp cim + C4J. 



Therefore 

— ^ + cfuaiij, = (ci + c 4 exp(-ciM))F'(a + /? + 7). 

P T 

d 

Applying — to both sides, we get 
au 

— C1C4 exp(— c\u)F'{a + f3 + 7) + (ci + C4 exp(— ciw))(ci exp ciw + C4)F"(a + /3 + 7) = 0. 
Hence 

(ci exp ciw + c 4 ) 2 F"(a + (3 + 7) = cic 4 F'(a + /3 + 7). 
Consequently, we have two possibilities: 

F'(a + (3 + 7) = 0, (58) 



or 

F"(at + (3 + 7) C1C4 



F'(a + (3 + 7) (ci exp c\u + C4) 2 
If 058p holds, then F = C5, where C5 is an arbitrary constant. In this case by using ([5 

we obtain 

CCi , 2 cc 4 2 Z' 7" , /3" \ 1 



(59) 



By rewriting this relation, we get 

,2 

CgM x c l u y V c 6 c l c 

These equations imply C5 = i.e. F = 0. Thus, we have 



cc l C6 

= —ciu x Uy, v = exp c\u + C4U H In u x ^ In u y + C7, t> X1/ = 0, 

C6 c l 

CC? Cfi 

c 4 i + - = 0, ci ^ 0. 

C 6 Ci 



(60) 



Equations (160]) by change of variables c\U — > u, v — > u — cciln(ci)/c6 + Cgln(ci)/ci + C7, 
cci/c 6 01, — Cg/ci 61 are reduced to (|35|) . 
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Now suppose that (159]) is true. Differentiating (159]) with respect to u x gives 

' F"\' 
F 7 



(3' = 0. 



Since f3' ^ 0, we get 

F(z) = c 6 exp C52 + c 7 , c 5 c 6 ^ 

or 

F{z) = c 6 z + c 7 , c 6 ^ 0. (61) 
Change of variables z — > z — (lncg) /c 5 implies 

F(z) = exp c 5 z + c 7 , c 5 7^ 0. (62) 

Let us consider the case (162]) . Under this case the equation (15?]) becomes 
c(ciexpciu + c 4 ) 3/7" . P"\ 1 2 / v 

c ^ + ^J^y+ c i ex P( c ^K^ = 

= exp(c 5 (exp C\u + c 4 ii)) exp(c 5/ 9) exp(c 5 7). 

This equality is not realized because C5C1 7^ 0. 
If (1ST]) is true, then from ( l57j) we obtain 

c(ci exp ciu + c 4 ) 2 / 7" . \ 1 . 2 / \ / , , o , \ , 
° ly2 /J^ J /3y + c i ex P( c i u )^ M ?/ = c 6 (expciu + c 4 M + ^ + 7) + c 7 . 

Differentiating this equation with respect u gives 

cc? exp ciM a . 
— h c x u x u y exp ci« = c 6 (ci exp citt + c 4 ). 

P 7 



It implies 



— — + c\u x u y = C 6 Ci, C 6 C 4 = 0. 
P 7 



We see that this equality is realized if and only if cq = 0. Hence we get the case f ]35]) 
considered above. 

Assume that the condition ( 155]) is satisfied. We substitute ( ]55j) in ( [2^]) with using fi(u) = c. 
We obtain 



73Y (2C2U + C3)_C 1^ + ^JpV + 



2c 2 u x u y = F(c 2 u 2 + c 3 u + (3 + 7). 
Differentiating this equation with respect u and denoting c 2 u 2 + c 3 u + f3 + 7 by z yields 

2c 2 -^ 1 = F\z)(2c 2 u + c 3 ). (63) 

PI 
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From the above equality we have the following cases: 



c 2 = c 3 = 0, (64) 

c 2 ± 0, c 3 = 0, (65) 

c 2 = 0, c 3 ^ 0, (66) 

c 2 c 3 ^ 0. (67) 



For the case equations in (H7|) give 



2 M 2 I u 



Here ai, &i are arbitrary constants. Hence 



/?'(«*) = 1 ===, (68) 

a/ciM^ - 2a 1 u x + 2a 2 



1 



y(tx^) = V^c 3 . = (69) 
^ciu 2 y - 2b 1 u y + 26 2 

We integrate ( l68l) . ( l69l) and obtain various formulae for determining the functions (3, 7 having 
the parameters c, Ci, dj, bi, i — 1, 2 . We combine these formulae and get the following cases: 



(70) 



0(u x ) = a In (u x -a x + ^J(u x - a^ 2 + a 2 
j(u y ) = a In (u y - 61 + a/(% - hi) 2 + 6 2 ) ; 



/3(mz) = aarcsin— -, l(u y ) = aarcsin^— — -; (71) 

a 2 b 2 

^(■u x ) = a\n{u x - ai), 7 (uj,) = a\n(u y - h); (72) 



/3(w x ) = ay/2a 2 - 2a x u x , j(u y ) = a^2b 2 - 2b\u x \ (73) 



P(u x ) = ay2a 2 — 2a 1 -u x , l{u y ) = au y ; (74) 

7 (u y ) = aw y ; (75) 




^l^/laiadnl ), 7 « = («,- |j ■ (76) 

Here a 7^ is an arbitrary constant. 

Substituting (1701) in (1231) and (JMD with //(«) = c, a(u) = gives 

.,2 

■ exoiv/a) + feexpf— via), 

(77) 



u xy = —\/{u x - ai) 2 + a 2 J (u y - hi) 2 + b 2 , v xy = —exp(v/a) + bexp(-vfa) 
v = a In (u x - ai + a/ (n x - a x ) 2 + a 2 j (i^ - bi + yj {u y - bi) 2 + b 2 j , 
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where c 2 a 2 b 2 /2a 3 + b = 0. After the change of variables u — a\x — b\y — > u, v/a — > v , c/a 2 — > c 
equations (177|) take the form (136|) . 
If the condition (ITTj) is true, then 



c rz ; ~ rz ; r~r . v a 2 b 2 c 



.2 



Uxy = — yal ~ ( u x ~ ai) 2 Jbl - (u y - h) 2 , v xy = Ksin-, k— — , 

. u x - ai . Uy-bi 

v = a arcsm h a arcsm — — . 

a 2 b 2 

These equations after the changes v/a — > v, u — a\X — b\y — > u and then a 2 x — > x, b 2 y — > y, 
c/a 2 — >■ c take the form (137|) . 

If (172|) is true, then we get a particular case of ( |36|) . 

Further, (175|) gives 

Mxy = -5 — r-\/1a 2 - 2a l u x ^j2b 2 - 2biu y , v xy = — — — v, 
a a\0\ a a\0\ 



v = a\/2a 2 — 2a\U x + a^/2b 2 — 2b x u y . 

After the transformaions u — a 2 x/a\ — b 2 y/b\ — > —u, v/a — > v, and then x/2a\ — > x, 

y/2b\ — > y,4c/a 2 — > — c, these equations take the form 

By the expressions in ( J74|) we have 

c c 2 

u x y = -\/2a 2 — 2a\U XJ v xv = , , v = a\/2a 2 — 2a\u x + au v . 

a x a z a x a A 

Changes a 2 x/a\ — u — > u, then v/a — > v , x/2a\ — > x, 2c/ a 2 — > — c, — y — > y yield to equations 

(E9D. 

Formula (I75p determines w XJ/ = c/a 2 , v = au x + au y , v xy = 0. These equations after 
changes t>/a — )• t>, c/a 2 — )■ c take the form 

Substituting (J7§D in (J23D , dMD with /i(u) = c, a{u) = leads to 




c . I u x — ^7 \ ic , / 6i 

f = — — arcsm 



Ci \ / af-2a 2 c 1 / ^/Ci V * Ci ' 



V X y 



2a 2 




Cl 




ic 


In f 






exp I 


ic 



b_i 



Changes y/ci/(ic)v — > v, a/ (a 2 — 2a 2 Ci)/c 2 — >■ a 3 , ai/ci — > a 3 a, Oi/ci — » b, a 3 x — >■ x and, 
finally, u — ax — by u give (jUJ). Thus the case ( |6^|) is reduced to fl36|) - f HTj) . 

15 



Now we consider the cases (165|) . ( 167)) . From the equality (163]) we have 



In f 2 ^^) = ^F'{z) + ln(2c 2 u + c 3 ). 
We differentiate this equation with respect to u and get 

= ^(2c 2tl + e 3 ) + ^-. (78) 

Applying — — to both sides of ( 1751) gives — = i.e. — = c 4 . Rewriting (1751) yields to 

c 4 (2c 2 m + c 3 ) 2 + 2c 2 = 0. 

Hence c 2 = 0. This contradicts to the condition c 2 7^ 0. 

If condition (I6"6"j) is satisfied, then (l63p gives -F(-z) = C4. Here C4 is an arbitrary constant. 
Rewriting (124|) with using a = C3W, fi = c implies 

^-c 2 (^ + ^)=c 4 /3V. (79) 
We apply to both sides of (179]) and obtain 



c 2 ( CY = (80) 



Assume that /?" = i.e. /3 = C5« x + eg. Then (179"]) takes the form 



2 7" 

C 3 C - C — = C4C57 . 



Thus, we have 



Wxj/ = 77 — r, u = c 5 u x + j(u y ) + c 3 u, v xy = c 4 , c 3 c - c 2 — = C4C57', c 5 7^ 0. 



C57K) 7 
The transformations x/cs — >■ x, C4C5 — >■ c 2 , and then v/c^ — )■ t>, 7/C3 — >■ 7, C3X — > x, 
c/c 2 — )• ai, c 2 /c 2 — >■ 61 imply (fl2l . 
Suppose that /3" 7^ 0, then 

2 1 



-c 



0"(u x ) \/3' 2 (u x ) 
Since independent variables, we get 



(£)' = <*. ^' = c, (8!) 



16 



If C4 = 0, then C5 = which yields to c = or (3"/ (3' 2 = —cq 7^ 0. in the second case 

0(u x ) = —]n(ceu x + c 7 ). 
c 6 

Inserting this formula in (179"]) and taking into account that c 4 = gives the function j(u y ) 
as 

7(tiy) = — lnfcgU^ + Cg). 

Thus, we have equations 

= C(C 6 U X + C 7 )(c s U y + Cg), = 0, 

1 1 

w = — ln^CgW-E + c 7 ) H ln(c 8 u y + c 9 ) + c 3 w, cc 6 + cc 8 + c 3 = 0, c 3 7^ 0. 

c 6 c 8 

After the transformations t>/c 3 — > v, x/cq — > x, y/c$ — > y, l/{c^c%) — >■ ai, l/(c 3 c 8 ) — >■ 61, 
CC6C 8 — >■ a, we obtain ( 143]) . Otherwise, if c = 0, C5 = C4 = then we obtain 
Let us return to (jSIj) and assume that C4 7^ i.e. we have 



7(%) = — M ?/ + c 6, _c2 ^ = c 5/5' + c 7- 
C4 p 



We substitute the above relations in ( 1791) and get c-j + cc 3 = 0. Whence, we have 

u xy = — H77 — \ > u = ~ u v + P(W + °3 U , 

C5P l^xj C 4 



Vxy = C 4 , _c2 ^ = C 5/5' + C 7, c 7 + CC 3 = 0, C4C5 7^ 0. 



It can be easily shown that this case is symmetrical case to ( 1421) under x -H- y. 

Thus the case 1, a', a" are linearly dependent gives equations - (j44p . This completes 
the proof of Lemma. 



Lemma 2 Under the conditions (128]) and /jf(u) 7^ 0, w;e Ziaue t/iat equations ([!]), (T5]) and 
substitution ([3]) up to pomt transformations take the form: 



u xy = l^(u)u x u y , v xy = 0, f = Ci lnWj; + c 2 In M y + a(w) 
+ c 2 ) + « 2 (ci + c 2 ) + a" + a'/x = 0, «' 7^ 0; 

u xy = fi(u)u x u y , v xy = expv, v = In (u a ttj, ) + a ( u ) , 
2w' + 2/i 2 + a" + a'fi = exp a; 

i/ere ci 7^ 0, c 2 7^ are arbitrary constants. 
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(82) 
(83) 



(84) 



Proof. If the condition ([28]) holds then the functions /3, 7 are equal to 

(5{u x ) = ci In u x , 7(1X5,) = c 2 In u y . 

At the same time the equation ( 1241) becomes 

. / 1 1 \ [i 2 (u)u x u v ( 1 1 \ ... N ,. . . ,u x u v 
/x [u)u x u v 1 H 1 + a (u)u x u v + a {u)li{u) = 

\C 2 ClJ C1C2 \C 2 ClJ ClC2 

= F(c\ \nu x + C2 Inuy + a(uj). 

Applying to the both sides of f!84p gives 

//x f 1 1 A fi 2 (u)u v ( 1 1 \ ... . ,. . . . Uy F'ci 

Consequently, F = ciF'. We differentiating (|84p with respect u y in the same way. We get 
F = C2-F". This yields that F' = or c% — C\. If the first equation is true, then (1541) turns 
out to be 

(V(«) ( — + — )+ — ( — + —)+ a" + — ] = c. 

■ V V C 2 ClJ C1C2 V C 2 ClJ C1C2J 



It implies that c = and 



fx(u)u x u v 

u xy = , v = cilnw^ + c 2 mu y + a[u), v xy = 0, 

Cic 2 

, ( 1 1 \ jj 2 ( 1 1 \ a'/i 



// - + - +— - + - +«" + 

\C 2 Ci/ C1C2 V c 2 Ci/ r;,r 2 

Finally, the transformation \ijc\c% — >• /x gives ( 182|) . 

If C2 = Ci we have F = C3 exp(?;/ci) then (184")) becomes 

H 3 — - + a u x u y H 2 — = c 3 u x u y exp{a{u) / ci) . 

It follows that 

u xy = \fi(u)u x Uy, v = Cihiu x Uy + a{u), v xy = c 3 exp(?;/ci), 

2/x' 2/i 2 ,. a'/x 

1 3- + a H 2~ = c 3 exp(a/ci). 

Ci c x c| 

These equations after the changes fi/c 2 — >■ /x, a/ci — )■ a, f/ci — >■ t>, then t> + lnc — > v, 
a + lnc — » a, C3/C — >■ ci takes the form (183j) . 

Thus the condition (128|) yields to equations (182|) . (183|) . This completes the proof of Lemma. 
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Lemma 3 Assume that the condition (130]) is satisfied but (127|) . (128]) not. T/ien equations 
CQ), ([2]) ara^ substitution ([3]) to pomi transformations take the form: 



u xy = u, v xy = v, v = CxUy + c 2 u x + c 3 u; (85) 

u xy = n(u)(u y + b)u x , v xy = exp v , v = \n(uy + 6) + lnita; + a(u), 
2/i' + 2/i 2 + a" + a'fi = exp a, 2/i 2 + // + a' \i = exp a; 

u xy = n{u){uy + b)u x , v xy = 0, v — c 2 In ( Uy + b) + Ci In u x + a (u) , 
(// + /i 2 )(ci + c 2 ) + a" + a'/i = 0, ci/i' + /i 2 (ci + c 2 ) + a'/i = 0; 

u xy = /j(u)u X} v xy = 0, v = Uy -\nu x + a(u), 
a" + f/ = 0, /j 2 - fjf + a' ft = 0. 

Here C\C 2 b 7^ ; C3 are arbitrary constants. 



(86) 
(87) 
(88) 



Proof. If f l30|) holds, then we have the following three possibilities for the functions /3, 7: 

7(%) = ciMy + c 2 , /3(m x ) = c 3 m x + c 4 , (89) 

T(%) = — - hi.(aiu y + bx) , /3(u x ) = — hx{a 2 u x + 6 2 ), (90) 
Cl c 2 

7(%) = ciUy + c 2 , /3(w x ) = \n(au x + b). (91) 

C3 

With (EHl) the equation (El) takes the form 

u'(u)u v u'(u)u x „, \ a'(u)u(u) . 

PV ^ y + PV ; + a"{u)u x u y + v ;pv ; = F( Cl u y + CgM^ + a{u)). (92) 

C3 Ci C1C3 

By applying to both sides of (192 p . we get 

^ + a% = F'c 3 , ^ + «"m, = F'ci. (93) 
Cl c 3 

Excluding F' gives 

a"(c X U y - 03^) = 0. 

Hence a" = are a = c 2 u + C4. Furthermore, by using ( 1931 . we get F' = \i! jc\C 3 . We 
differentiate ( 192]) with respect to w 

- — 2. 4. d 1 — = F'c 2 . 

C3 Ci CiC 3 

When we insert F' = p! jc\C 3 in this equation, we obtain y!' = i.e. fi(u) = c§u + Cg. 
Moreover, 

F(z) = —2 + c 7 . 
C1C3 
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If we use the above relations in ( 192]) . we get 

c 2 Cq _ C5C4 
C1C3 C1C3 

Thus, we have 



+ c 7 . 



_ c 5 u + c 6 c 5 

C1C3 C1C3 

C 2 C 6 C5C4 

U = C\U y + C 3 Ma; + C 2 M + C 4 , = h C 7 . 

C1C3 C1C3 

The transformations u + Cq/c^ — >■ cm, t> + C7^r — > cv , C5/C1 — > C3 give equations 



By ( 1901) the equation ( 1241) takes the form 

-c 2 /i My « (a 2 u x + b 2 )(aiu y + b x ) - u (ai% + b 1 )(a 2 u x + b 2 )- 

CL 2 CL\Qi 2 d\Q, 2 

—Cifj, u x h a u x u y + a \x \a 2 u x + b 2 ){aiu y + 01J = 



F ( InfaiUy + 61) lnfa^M^ + b 2 ) + a(ii) J 

V c i c 2 J 



Applying t£- to both sides of (JMJ) gives 

/ 2 c i c L , 7 \ ,aiu y + bi 2 c\c 2 
-c 2 fi Uy — n {aiUy + bi) - ci« - « \a\Uy + 61)+ 

1 // . / C 1 C 2 / I 7 \ rp/ ( 1 \ a 2 

+a m v + a u \a\Uy + b\) = b 

at \ c 2 J a 2 u x 



+ b 2 



It is clear that 



F' (-L) — F = -^^L+hh + a » Uy b -l. 
\ c 2 J ai a 2 a 2 

In the same way, by differentiating (1M1) with respect u y , we obtain 

F F = -c 2 « h a"u x — . 

\ C\ J a 2 a\ a\ 

We differentiate (153]) by u x and (J9"B|) by w r We get 

F" ^-1 - F'J = 0, F" ^-1 - F'J = 0. 
These equations yield to F"(c 2 — ci) = 0. Thus, we have two possibilities: 

F" = 



or 

c 2 = Ci. 
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If Ci = c 2 = c, then 

F(z) = --exp(-az + c 7 ) + c 8 . (99) 
We substitute (1991) in the equation (JUj). We get 

-n'u y c \u x + — } - 2/j 2 -^—(a 2 u x + b 2 )(a 1 u y + b x ) - [iu x c \ u v + — ] + a"u x u v + 
\ a 2 J a x a 2 \ a x ) 

c 2 1 

+a'/i (a 2 u x + b 2 )(a 1 u v + b x ) = — (a 2 u x + b 2 )(a 1 u v + b{) exp(-ca + c 7 ) + c 8 . 

aia 2 c 



Since w, m x , w y are independent variables, we obtain 



— 2c/i — 2fi c + a + a fxc = exp(— ca + C7), 



2 c 3 , 61 , 2 61 1 



c 



— 2/x — b\ — fi'c h a'fic — = — a 2 bi exp(— ca + c 7 ), 

, fi 1 2 S S , a S 1 , , , ( 10 °) 

—\l c 2/i c ha/ic — = — ai0 2 exp(— ca + C7), 

a 2 a 2 a 2 c 

2 s &1&2 / 2 ^1^2 1 

— 2ji c h a fic = — b\b 2 exp(— ca + c 7 J + cs. 

aia 2 aia 2 c 

Note that b\ + b\ 7^ 0, otherwise we have the condition (128|) holds, which is a contradiction 

to the assumption of the Lemma. If b 2 = 0, bi 7^ 0, then c§ = and 

a(u)c 2 , . . 1 , . 

= {aiu y + bi)u x , v xy = — exp(-cv + c 7 ), 

(X\ c 

1 1 

v = — lnfaiUy + 61) ln(a 2 u x ) + a(u), 

c c 

— 2c/i — 2fi c + a + a uc = exp(— ca + c 7 ), 

c 

—2/i c — uc + a uc = exp(— ca + c 7 ). 

c 

The transformations — cv + c 7 — > v , — ca + c 7 + ln(aia 2 ) — )■ a, /ic 2 — >■ //, 61/ai — > b give 
equations (155]) . If b x b 2 7^ 0, then it is not hard to prove that (llOUp is inconsistent. 
Assume that ( 1971) is satisfied, then 



F(z) = cz + p. 



Inserting this expression in (I94p leads to 

-c 2 fi Uy[u x -\ /i cic 2 u x H m„ H c x \i u x \Uy H 

V fl 2/ V fl 2/ V 01/ V 01 

-// qc 2 I « x + — I lu y + — J + a u x u y + a \ic x c 2 \ u x + — J lu y + — 

— c ( Infamy + 61) ln(a2Ma; + b 2 ) + a{u) J + p. 

\ c l c 2 / 

21 



Therefore c = 0. Since T£, Uy £1X6 independent variables, we obtain 

. 2 2 / 22 // / 

— c 2 /x — n C\C 2 — Cx/i — /i c x C2 + a + a [iC\C2 = 0, 

2 2^1 A 2 2 ^1 , / n 

— Cic 2 Ci/i /x c 1 c 2 h a /iCiC 2 — = 0, 

fli Oi <2i fli 

/ ^2 2 2 ^2 2 2 ^2 / ^2 

— C 2 /i /! CiC 2 /J C X C2 h Ct \IC\C2 — = 0, 

Oj2 O'l (L\ Q>2 

2 2 2 2,/ ^1^2 
—fi C\C 2 — fj, C X C2 + a [IC\C2 = p. 

ai<22 

Note that b\ + b\ ^ 0, in the converse case we have ( 128]) satisfied which is a contradiction. 
If 6 2 = 0, b\ 7^ 0, then p = and 

«x» = M^-^falWj/ + &l)«a;, ^ = 0, 
1 1 

v = \n(aiu y + bi) \n(a,2U x ) + a(u), 

Cl c 2 

/i'(ci + c 2 ) + /i 2 cic 2 (ci + c 2 ) - a" - a' [icic 2 = 0, 
cifi' + /i 2 cic 2 (ci + c 2 ) - a'/i c i c 2 = 0. 

The replacements CiC 2 /i — )■ /i, — CiC 2 a + c 2 In tlx + c x lna 2 —> a, —CiC 2 v — > v, 61/ai — )■ 6 give 
equations ( IBTj) . If 6162 7^ 0, then we get inconsistent system for a, /1. 

Suppose that the condition ( 19TT) is true. We rewrite (12"11) according to that and get 



(101) 



c 2 c 2 1 
fx'u y (au x + b) H — {au x + b) -\ + 

+a'fi(au x + 6) f — ) = F ( Ciu v ln(a-u 2 . + 6) + a(w) J . 

V cia/ V c 2 / 

Applying to both sides of f llOip gives 

/ Co o 1 / // C 2 . . / 1 \ 

— c 2 w m„ H /i H fi + a u v a \x = t 

Ci Ci Ci V. 02J 



au x + b 



(102) 



— -fi'(au x + b) + a"« x = F'ci. (103) 
a 

If F' = 0, then F = c 3 and 

— C2/i' + a" = 0, c 2 ,/! 2 + fjf — C2OL ix = 0, //& = 0. 
Substituting these equations in (jlOip . we get that C3 = 0. Thus, we have 

c 2 1 

Uxy = n{u)u x , v xy = 0, v = c\u y \nau x + a(u), 

Cl C2 

11 I 2 2,1 I n 

a = C2/i , c 2 /i + jJL — C2OL /i = 0. 
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By a suitable point replacement we get equations (IHHj) . 

Assume that F' ^ 0. Excluding F' from ffT02]) . (1T03"]) . we obtain 



au x + b\ , c\ ( au x + b\ 2 c 2 /a« x + 5\ , / aw x + 6\ „ 

— J"^-^^— 5~ J" S~ J" ~ C2 {-^- ) aUy+ 

4 , fau x + b\ c 2 , . , a" 
H — a ji I = (au x + b)jj, H w x . 



„2 



c\ \ a J c\a c\ 
Since u, u x , u y are independent variables, we get 

C 2 yU — C 2 « = 0, 

3 2 // 

C 2 2 C 2 / , C 2 I C 2 , a 

jj, /i H a /i = yU H , 

— /x - c 2 -a" = 0, 

C 2 ^ 2 i C 2 / ^ n 

/i H a /i- = 0. 

Ci a Ci a 

If b = 0, then the equation f 1 1 1 j) takes the form 

— c 2 /z u x u v H m x H yti ii x + a u x u v a \iu x = F C\U V m(au x ) + aiu) . 

Ci Ci C! V. c 2 / 

Differentiating this equation with respect to u x , we obtain 

Co o * 1 * ii C 2 / 1 | — , / 1 

— yU — c 2 /x u y H + a M y a /i = r — . 

Ci Ci Ci c 2 

Consequently, F + -F'/c 2 = or F{z) = c 3 exp(— c^z). Therefore 

c 2 1 c 2 
—C2[iu x u v H — -f^Ux H /i'm x + a"u x u v a'fiu x = c 3 exp(— c 2 CiU v )aM x exp(a). 

Ci Ci Ci 

Since c 3 7^ 0, a 7^ 0, this equality is not realized. In the converse case b 7^ 0, the equation 
( TTUIj) gives 

1 11 S 2 2 / // 2/ 

c 2 /z — a =0, — c 2 /i + c 2 a fi = a , — c 2y u + a yU = 0. 

We subtract first equation from second one and consider third equation. We get that yu' = 0. 
This contradicts to the hypothesis. 

Thus, the condition (1301) yields to equations fl85|) - (IHHj) . This completes the proof. 



Lemma 4 Suppose that the condition (129]) /io/cte but ff27|) . (128]) . (130]) not. T/ien equations 
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([T]), (J2J) and substitution ([3]) up to point transformations take the form: 

ti(u)u a 



//,„ = ' ; . ' , , = 0, f = \nu x + jOuy) + a(u) 
7'K) 



xy / f \ } x y 
c 3 + — + = 0, a" + // + c 4 /i 2 = 0, c 3 /i 2 + // + /i 2 + a'fi = 0; 

M ^ = 7 1 ia ,i — V' ^j/ = expf, v = lnu x + r y(u y ) - 2ln(au + b) +ln(-c 4 ), 

(cm + 6)7 / (u w ) (106) 

Ci + ^-r + c^'u v = c^i exp 7, ci + 1 — 3a = 0, c 3 + 2a 2 - a = 0. 



Proof. In the case of (129]) we have /3 = c\ lnu x + C2. After replacement c 2 + a — > a we 

get 

/3 = cilnu x . (107) 

Substituting (ITOTl) in $21]) 

<*v, _ / r _ i v a „ + , <n + »*.\ = F(a + + } (m 

Applying to both sides of f 1 1 8 j) gives 



Ci7 ; Ci7' \7 /2 ci / \7' C\ J \u 



Note that (fTUHj) . (fT09j) yield to F = F'— or 



= c 2 exp(z/ Cl ). (110) 



By substituting (11101) in fllQ8j) . we have 
a'/i /i 2 / 7" 1 



u 



x 



Ci7 C17 



7 (^2 ~ ~~ J + + + ~rj J = C2Mxexp(7/ci) exp(a/ci). 



Hence 



fi'ci + a'fi + - fi^—pr + (a"ci + fi'Wuy = C2Ci7'exp(7/ci) exp(a/ci). 

ci 7 /2 

Let us fix u, then 7 is determined from 

7" 

° 3 + y2 + c 47 % = cic 5 7'exp(7/ci). 

Moreover 

a'/i H h ci/i' + c 3/ u 2 + 7M y (cia" + // + c 4 /i 2 ) - Ci7'exp(7/ci)(c 5 /i 2 + c 2 exp(a/ci)) = 0. 
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If Uy = /cexp(7/ci), then 7 = C]_\n.(u y /K) and (7'%)' = 0. Since this equation contradicts to 
the condition of the Lemma, we get that u y and exp(7/ci) are linearly independent and 



f '/ / 2 2 / / \ 2 / A"^ / 

ci« + n + C4U = 0, 05/1 + C2 exp(a/ci) = 0, 03/1 + ci/i H h a /x = 0. 

Ci 



Clearly, the constants C5 = 0, so C2 = and 



Uxy = RK \ '( V V = P( Ux ^ + 1 ^ + a ^ U ^ Vxy = °' 



/?'=—, c 3 + + c^'uy = 0, cia" + // + c 4 /i 2 = 0, c 3 /i 2 + ci/i' + — + a'fi = 0. 



7' 



u. 



7 



ci 



The replacements u/ci — )■ t>, a/cj — > a, 7/ci — >■ 7, /V c i — >■ /i, C4cf — >■ C4, C1C3 — > c 3 give 
equations (j!05p . 

If C5 7^ 0, then we have 



H(u) 



u xy = , • ' ' v w = ^(u a ,)+7(ti tf ) + a(u), = c 2 exp(w/ci), 



with 



Ci_ 



C3 + —p; + cfi'u y = cic 5 7'exp(7/ci), 



7 



a = 2ci ln(— 2c\) — 2c\ In I — , / — - 3 1 — u + cq 

3 V c 5 Ci 



/ 



£2 
c 5 



-2d 



\ 



2 / C3C1 + l\ 1 / c 3 ci + 1 



9 V ci 



+ c 4 = 0. 



We make the substitutions with proper transformations and get equations (I106p . 

Thus under the condition (1291) we have equations (I105j) . (I106p . This completes the proof. 



Lemma 5 Suppose that the condition fl32|) holds but ff27]) - fl3Tj) not, i/jen equations (j2J) 
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and Q up to point transformations take the form: 

1 



u 



u(3'(u x )i(u y )' 



v xy = 0, v = (3(u x ) + 7(%), 



8" 

— = u x f3+c u 7/7 =M y 7 -ci; 



Mxy = Rl( ^f)/ — 7> ^ = expw, f = 8{u x ) + 7(1X3,) + a(u), 
u x + — — r = exp(/3), u y + — — r = exp 7, a" = exp a, y.= (exp a)/ 

P [Ux) 7 l M 2/J 

Uxy = WT~VT( — V = exp?;, f = + 7(%) + 
-cwa, + -jr, — r = exp (3, -cu y + — — - = exp 7, 
a'fi + 2/i 2 (c + 1) = exp a, a' 2 = 2c 2 exp a, c = — |, — 2; 
= — — r, f = + l{u y ) + a(u),v xy = expv + exp(-v), 



/3'(U X )Y(Uy) 

A x exp /3 + Bi exp(— /9) = t^, A 2 exp 7 + 5 2 exp(~7) = u y , 



n 1 /exp(— a) expaA a" 
a = l( B 1 B 2 + AA 2 r fi = ~tf ] 



a 



H{u) 



xy-^Tt — w7 — \> ^ = +7(^) + = expv + exp((jv) 



A\ exp 8 + Bi exp(cr/3) = u^, A 2 exp 7 + B 2 exp ((77) = u 



«' 2 = 7 TTo I cr' - \ + 



2 exp a 1 exp (era) 



a - l) 2 V <r fii^ 

„, H . 9 , 1 /expa exp(cra)\ 1 

2(ff+1 y + ^___^_P. + _|S_2j = 0, a=- 5 ,-2. 

Proof. Since independent variables, (1321) yields to 



a/2 I I 



Integrating these equations, we obtain 



8" 7" 
— = cu x /3' + ci, — = cuyi + c 2 . 



By rewriting (12^|) and using (I116p . we get 

1 / a'/i /i 2 . . \ 

+u x (~^r + a " u v + =F(a + /3 + 7). 
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Let us fix u x and u y , then F({3 + C3) = c\u x + c$/fi'. After transformation /3 + C3 — > (3 we get 

F(/3) = C4 ^ + |. (118) 
Applying t£- to both sides of fll 18D and using (11 16ft give rise to 

TT'(a\ 1 C 4 — C1C5 

F{p) = -cc 5 u x H — . 

We differentiate this equation with respect to u x and we get 

e,///on / \ cc 5 + ci(c 4 -cic 5 ) 
F = -C(C 4 - CiOj)^ 



Now, we see that 

F" = c 7 F' + c 8 F. (119) 
General solution of (I119p has the forms 

F(v) = A x exp(a 1 v) + B 1 exp(a 2 v), o x ^ o 2 

or 

F(v) = (A 2 + B 2 v)exp(av). 

Considering different values of the constants A4, Bi, i = 1,2, we obtain different formulae 
for F: 

F(v) = 0, (120) 

F(v) = 1, (121) 

F(v)=v, (122) 

F(v) = vexpv, (123) 

F{v) = expv, (124) 

F(v)=expv + 1, (125) 

F(v) = exp v + exp(co>). (126) 

By fixing different values u, u y in fll 17ft . we obtain a set of equations 

a i u x + -^- = F(f3(u x )+ li ). (127) 

Here Qjj, 73 are constants. 
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(i) Vectors are proportional. This means that there exists a set of numbers 

fii, such that 

A) = A*i(ai,A), = 1- 

Let us rewrite (|127j) . 

^ ( a x u x + = + 7i ). (128) 

(i.l) If ffT20|) holds then the equation (fT28j) takes the form 

"•( ai "- + ^)) = a (129) 

Suppose that ai = p\ = 0. Using (11 17ft . we get 

// — c/i 2 + a"u y ^' = 0, a'/i — /i 2 (ci + C2 + cu y j') + rfuyj' = 0. (130) 

If a" = i.e. a = eu + 5, the first equation of (j!30p gives 

1 



CU + K 

Substituting the function u into the second equation of fl 1 3 [) gives 



CU + K (CU + fO 2 



Therefore e = 0, C2 = — C\ and 



M ^ = R ,( ^\) ( \ > u = + tK) + "( M )> uxi/ = o, 

P \ u x)'J \ u y) 



1 7" 
H(u) = ■ — , a(u) = 5, — = cu x f3+c u — = cu y i - c 1 . 

CU + K p' 1 J 2 

The transformations j3 — > aj3, 7 — > 07, a 2 c —*1,u + k/c—>u,v — 8—> av, ac\ — » c x give 
equations fillip . 

Now assume that a" 7^ 0. The first equation of (I130p gives 

2 / 

M y 7 K) = q „ ■ 

Since u, u y are independent variables then Uy^'iuy) = k. Here k is a constant. This 
contradicts to the condition of Lemma. 

In the converse case a,\fi\ 7^ 0, the equation (I129[) implies (3'(u x ) = —/3i/(cxiu x ). This is 
also a contradiction. 

28 



(1.2) If f II 2 1 j) holds, then the equation f 1 1 1 5 j) takes the form 

Hi (a x u x + jf 1 } = 1, for all i. 

It means that [i% = 1 ; = A = Pi for all i. Thus, we have 

0'(u x ) = Pl . (131) 
1 - diu x 

After substituting f l 1 3 1 1) in (11161) . we get that this case is not realized. 

(1.3) By rewriting ffTSTj) . ffT28|) under the case ffT22|) . we obtain 

Multiplying the first equation by //j and subtracting the second one, we obtain 

P(u x )(iii - 1) + jifM ~ li = 0. 
Therefore = 1, 7; = 71 and aij = a±, — fl\ for all i. Thus, we have 

t = t . 

P(u x ) - aiu x + 71 

We substitute this equation in (j!17p and obtain a contradiction to the condition of Lemma. 

(1.4) If ffT23]) holds, then the expressions flTZTj) . 0128]) take the forms 

aiu x + f 1 = (/3 + 71) exp(/3 + 71), ^ («i«x + ^ r ) = (/? + 7») ex P(p" + 7i)- 

P(«a>) V P{U X )J 

Therefore 

(/3(exp 7i - /ii exp 71) + 7, exp 7; - ^71 exp 71) exp (3 = 0. 

It follows that 

exp 7i - /ij exp 71 = 0, 7; exp 7; - ^71 exp 71 = 0, 

and 7« exp 7$ — 71 exp 7^ = or 7^ = 71 for all i. It means that a(u) + 7(%) = 71, where 71 
is a constant. This contradicts to 7„ 7^ 0. 



(i.5) If (11241) satisfied, then 



^.f 1 r =exp(/3 + 7i). (132) 
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Note that p\ 7^ 0, otherwise (/3'u x )' = 0. After replacement B + 71 — > B, the equation (I132p 
takes the form 

&iu x + f 1 = exp B. (133) 
P'{u x ) 

Substituting (11331) in (I116p . we obtain that c = —ai/fli, c\ — — 1 — c. Using ( I133[) in (I117P 
yields to 

1 n f a'fi fi 2 . . \ ( c/j, 2 „ //\ 

-exp/3^— -— ( Cl + c %7 +c 2 )+fMu y 1 +u x I- — + a u y + - j - 

«i / a'u u 2 , / \ / \ , \ n 

~!T Ux ~ j\ c i + cu yl +C2) + fiUy) = exp(ct + 7) expp\ 

Pi V 7 7 / 

Since (f3'u x )' 7^ 0, we have that exp 3, u x are linearly independent and 

/ 2 

— - — (ci + 0^7' + c 2 ) + /i\ = exp(a + 7)^, 

-f (^r - y {ci + cu ^' + C2) + ^) + (- V + a " Uy + 7 ) = °' 

Thus, we have 

M ^ = fl77 — V w = + 7( u y) + = expw, 

P l^xJ7 v^y/ 
/?i 3" 

ol\u x + — = exp/3, — = + ci, c x = -1 - c, eft = -«i, 

Y f J S (134 > 

— = CUyi + C 2 , — j{CUyi + Cl + C 2 ) + H'lly = 6Xp ( Q + 7 ) £ , 

ry 7 7 

— oti exp(a + 7) + a u y H = 0. 

7 

(1.6) If (11251) holds, then the expressions (TT2Tj) . fTHgj) give 

+ o/f 1 \ = exp(/3 + 71) + 1, (aiu x + f 1 ) = exp(/3 + 7,) + 1. 

We multiply the first equation by /x, and subtract the second one. We obtain 

exp 3 (fii exp 71 - exp 7^ + ^ - 1 = 0. 

This implies that /ij = 1, 7^ = 71 for all i. It means that a(u) + 7(%) = 71, where 71 is a 
constant. So we have a conradiction to the condition 7^ 7^ 0. 

(1.7) If (fT26|) satisfied, then by using (TT2Tj) . ffT28|) . we get 

aiMx + ^ j = exp(/3 + 71) + exp(a(/3 + 71)), 

/ii ( aiu x + 1 ) = exp(/3 + 7;) + exp(cx(/3 + 7;)). 
V P{u x )J 
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Multiplying the first equation by /ij and subtracting the second one gives 

exp/3 Oiexp7! - exp7i) + exp(a(3) (ii i exp(aj 1 ) - exp(aji)) = 0. 



Since a ^ 1, we have 



Hi exp 71 = exp j h ^ exp(a7i) = exp(cr7j). 



Therefore \ii exp(o"7i)(/x^ — 1) = 0. Hence n% = 1- Moreover 7^ = 7! for all i and at (it) + 
7(w y ) = 7i- It contradicts to 7 ny 7^ 0. 



(ii) There exist such oi\, 0i, i = 1, 2, that 



Oil Pi 

"2 02 



By using (|117|) . fixing different values u, u y , we get 



7^0. 



fl l"r : ^ \ = F(/3(u x ) +7l), + = F (0( U x) +72)- 



It is clear that 



1 



K l F((3 + ll )-K 2 F(f3 + l2 ) = u x , k 3 F((3 + 1i )-k 4 F(/3 + 12 ) = -. (135) 



Here 



ft 



«2 



ft 



atift ~~ a 2/?l 



^3 



a 2 



0lO(2 - 02O11 



0lOL 2 - 2 Oti 



(11.1) If ( I120p holds, then fl 1 3 5 [) gives u x = 0. Thus, this case is not realized. 

(11.2) If 012ip holds, then fl 1 3 5 [) implies that u x is a constant. 

(11.3) Let us consider (j!22p . We rewrite (I135[) and obtain 

Ki(P + 7i) - K 2(/3 + 72) = «x, K&O0 + 71 ) - K 4(/3 + 72) = ™- 
Differentiating the first equation, we get 

0'(k 1 -k 2 ) = 1. 

We substitute this formula in the second equation with noting that K\ — k 2 7^ by the 
condition (ii), we obtain 

0(k 3 - « 4 ) + 71K3 - 7 2 k 4 = Kx - K 2 . 
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Since k 3 — K4 7^ 0, we have that j3 is a constant. This contradicts to 7^ 0. 

(ii.4) Let us consider (I123p . Rewriting fl 1 3 5 j) . we get 

+ 7i) exp(/3 + 71) - k 2 {(5 + 72) exp(/3 + 72) = 
+ 7i) exp(/3 + 71) - k a ((3 + 72) exp(/3 + 72) = — . 

In other words 

u x = A(3 exp (3 + B exp (3. (136) 
Substituting (11361) in f)135p . we obtain 

(A + B) (^t - ^-(ci + cUyV + c 2 ) + /i'u^ + 



(a + 7) exp(a + 7), 



+B ( tt% + ^) 

. / a'/i u 2 , . u' — cu 2 \ . . 

A I — y-( c i + CM y7 +c 2 )+|ttti !/ + a u y H — I = exp(a + 7). 

Then we insert H136[) in (I116P and get c = 1, C\ — —2. Thus, we have 

H(u) 



-/..,, _ . . v = a (u) + (3(u x ) + 7(%), = f expv, 

../.. ,.2 



(A + S) - ^{u y i - 2 + C 2 ) + Ay) + 

+B L"u y + = (a + 7) exp(a + 7), (137) 

(12 1 2 \ 

_ ^r(%7' - 2 + c 2 ) + //m„ + + ^ — j = exp(a + 7), 
7 7 7 / 

/3" ; y 

m x = Af3 exp /3 + B exp /?, — = u x /3 - 2, — = u y 7 + c 2 . 

P 7 

(11.5) The case §FM§ yields to equations (TTMj) . 

(11.6) Let us rewrite (11350 by using (j!25p . 

«i (exp(/3 + 71) + 1) - k 2 (exp(/3 + 72) + 1) = u x , 
k 3 (exp(/3 + 7i) + 1) - « 4 (exp(/3 + 72) + 1) = — . 

Differentiating the first equation and substituting in the second one, we get 

exp (5 (« 3 exp j x - k 4 exp 72 - «i exp 7 X + k 2 exp 72) + k 3 - k a = 0. 
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If the expression in the bracket is equal to zero, then K3 — K4 = 0. In this case /3 is a constant. 
This contradicts to Ux 7^ 0. 

(ii.7) If (1125]) holds, then 1(155)1 takes the form 



exp / 3(ftiexp7i - K 2 exp7 2 ) + exp(cr/3)(/ci exp ((771) - k 2 exp(<77 2 )) = m x , 

1 (138) 

exp/3(K 3 exp7 1 - K 4 exp7 2 ) + exp(o-/3)(K 3 exp(cr7i) - K 4 exp(cr7 2 )) = — . 



Substituting (11381) in (1116)) . we obtain 

(1 + c + c\)(k\ exp7i - K 2 exp7 2 ) exp/3+ 
+ (cr 2 + c + cicr)(K 1 exp(cr7i) - K 2 exp(cx7 2 )) exp a/3 = 0. 
Substituting (|T3"8l in (fTTTj) . we get 

(/ 2 
a a a . . 

— ricuy'j + ci + c 2 ) + 
7 7 

. u! — cu 2 .. \ . . 

+ \x u v H hatiJ = expfa + 7), 

7 / J 

(«i exp 0-71 - k 2 exp 0-72) - ^{cu y ^' + Ci + c 2 ) + //w^J + 



(139) 



(140) 



+ q uj = exp a [a + 7). 



7' 

Let us consider (I139p . If «i exp(a7i) — k 2 exp(cr7 2 ) = 0, then (1 140ft implies that expcx(a+7) 
0. Thus (HM} gives 

1+ C + Ci = 0, (T 2 + Ci<T + c = 0. 

It implies that a = c, C\ = — 1 — c. Thus, denoting A = Kiexp7i — K 2 exp7 2 , i? 
«iexp((T7i) - /t 2 exp(<T7 2 ), we get 

u xy = , — r, v = oc(u) +P(u x ) + j(u y ), v xy = expv + exp(crw), 

P" o, 1 7" 



A exp (3 + B exp(cx/3) = t^, — = - 1 - a, — = au y i + c 2 

. / a' u, u 2 . .> , yu,' \ , s 

A — 7{vu y 'y + c 2 - 1) + H u y -\ — - + attJ = exp(a + 7), 

v y y 7 f J 

B (^y - ^f(. au yl' + c 2 - a) + + ^ + = exp a {a + 7). 



(141) 



Now look at each case individually (I120p -( TT26|) . We will use a symmetry 0(u x ) -H- 7(%) 
in ([20]), (J23J. 
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In the case (I124p . we obtained (1134]) . Using a symmetry /3(u x ) -H- 7(%), we get 
fa l" 

®2U y + — = exp 7, — = cu y i + c 2 , c 2 = -1 - c, eft = -a 2 , 

i i 
a u u 

-5T ~ ^( cu ^' + c i + c 2) + A* = ex P(« + Z 3 )^, (142) 

, f~l\ ft Cf-Jj 

-a 2 exp(a + p) + a u x H — — = 0. 

Substituting 7 from (TUSH in flTHjl and /3 from (TTMl) in (lli2"|l . we obtain 
1 

— ai exp(a + 7) + c/'u,, + (/jf — c/i 2 ) — (exp 7 — a 2 -u y ) = 



(exp 7 - a 2 u y )(a'fi + 2/i (1 + c)) + fi'u y = exp(a + 7) ft, 

1 



ft 

— (exp/3 - aiM a; )(a / /i + 2/i 2 (l + c)) + //w^ = exp(a + ftft, 
Pi 

— a 2 exp(a + ft + a"^ + (// — c/i 2 ) — (exp /3 — aiu x ) = 0. 

ft 



Since exp 7 and u y , exp/3 and u x are independent, we get 

Uxy = W( — v u = a ^ + P( Ux ) + 7 ( u ^' ^ = exp u ' 

, ft o ft «1 «2 

aiu* + — = exp ft a 2 Uy + — — - = exp 7, - — = - — = c. 

ft 7 (Uy) ft ft 

c//i + 2/i 2 (c + 1) = ftft exp a, cftft exp a + // — cfi 2 = 0, a" + c(/i' — c/i 2 ) = 0. 

(143) 

Examining the system (I143P for compatibility, we obtain equations (1 1 1 2 j) . f 1 11 3 j) . 

In the case (1 1 2 3 j) . we get an inconsistent system of equations for a, \i. 

Further, the case f]126f) gives (1141j) . Using symmetry (3(u x ) -H- j(u y ), we get 
A 2 exp 7 + B 2 exp (77 = u y , ^ = au y i + c 2 , c 2 = -1 - c, 



— | (a'/i - /A c i - 1) + A 4 ') + Mu x (-cr/J 2 + fj! + a") = exp(a + ft, ^44) 



— (cx(c//i - /i 2 (c 2 - a)) + //) + m z 5 2 {a(-a^ 2 + ft) + a") = exp a(a + ft. 

Substituting /3 from (I14ip in (I144p gives 

(Aexp/3 + BarexpaP)A 2 (a'fj, + /i 2 (2 + tr) + //) + 
+ (Aexp/3 + £>exp a(3)A 2 ([x' — a/j 2 + a") = exp (a + ft, 
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(Aexp/3 + Baexp(afi))B 2 (a(a'n + /i 2 (l + 2a) + //)) + 

(Aexp/3 + Bexjpo-(3)B 2 (<t((j! - a/j 2 ) + a") = expo(a + (3). 
Since exp /3, expa/3 are independent, we get 

AA 2 (a'n + /i 2 (2 + a) + 2/i' - a/i 2 + a") = exp a 

oa'p + a (a + l)fx 2 + (a + + a" = 0, (145) 
BB 2 (a 2 a'/2 + 2a 3 /i 2 + 2<r// + a") = exp(aa). 

We examine (1145ft for compatibility. We obtain equations (11 141) . ( II 15ft . Thus, (1321) is reduced 
to (|llip - (lll5|) . This completes the proof of Lemma. 

IV. CASE 2. ip = clnu x + q(u,u y ). 

We have the following statement for this case. 

Lemma 6 Under the condition (T2T]) equations flTJ), © an d ([3]) up to point transformations 
take the form: 



Uxy ~ a (u u) "' ' 

HUy\ a i U>y) 



c 2 expv, v = In u x + q(u, u y ), 



^ 2 — qu v u v ~ 2 J + + ^ = c 2 exp g, ^ 0. 

Q'Ml/ \ ^My QUy J Qu y Quy 

Proof. We substitute (ED in $12]) and get 

A(u,u y )q Uy (u,u y ) - q u (u,Uy)q Uy (u,u y )u y + cq u (u,u y ) = B(u,u x ) — . 



(146) 



Since u x , u y are independent, we obtain 



Using ( I147p . we get 



Be 

Mu y - QuQuyUy + cq u = (i,(u), — = n{u). (147) 



B = fJ'Ux A = QuQuyUy - cq u 



c q u 



We replace A, B, (ETJ) in Q9J), ((TDJ). This gives 



f = ^-^u x . (148) 
cq Uy 



Then we substitute (12TT) . fl 148[) in ([13]) and obtain 
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Differentiating this equation with respect u x , we get cF' = F, Consequently 



F(z) = c 2 exp{z/c). (149) 



Here c 2 is an arbitrary constant. Thus, using (I149p we have 



H( u) - cq u (u,u y ) 
cq Uy (u,u y ) 



u xy = . r Mi, v = clnu x + q{u,u y ), v xy = c 2 exp(v/c) 



li-cq u I fj, fi-cq u q UUy \ u q uu u 

2 q Uy u y ~ 2c + c + — = c 2 exp(g/c). 

cq Uy \c qi y q Uy J q Uy q Uy c 

Further, the transformation v/c — > v, q/c — >■ q, // — > c 2 fi, c 2 /c — >■ c 2 reduces these equations 
to f)146p . Hence under the condition (12T|) we have equations f)146p . This completes the proof. 



V. CASE 3. ip — a(u) + k(u) In u x + /i(u) In u y . 

By substituting (j22|) in (TT2j) . we obtain 

(A(u, u y ) — lnu x + /i'(w) IriUy + a'(u))u y ) ^' 



Uy 



t\j ( %L ) 

(-B(u, u y ) — (k'(u) \nu x + u'(u) \iiUy + a'(u))u x ) 



u , 



Therefore 



B(u, u x )k(u)_ + ^ + _ 



u x 

A(u, u y )fi(u) 



Uy 



n'{u) \a.Uy (fi(u) — k(u)) . 



Since independent, we have 

B(u, u x )k{u 



+ (k'(u) lnu x + a'{u)) (/i(w) — k(u)) = X(u), 

u x 

A(u,u y )u(u) 



Uy 



— fi'(u) lnu y — k{u)) = X(u). 



Moreover, this implies that 



(A — (/i — k)(V lnw x . + a')) u x (A + //(/i — k) In u y ) u y 
B = , A = -. 

K [I 

By replacing A, B in ([9]), (ITUl) we find / as 

A - Kfi' In m„ - fin' In w x - 
/ = U X Uy. (150) 
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Substituting (122|) . (I142p in (TTT]) and differentiating the relation obtained with respect to u x , 
we get F'k = F. On the other hand, by differentiating with respect to u y , we get F'fi = F. 
Hence 

ji{u) = k(u) = c. (151) 

Thus (f takes the form ip = a(u) + c\n(u x u y ) and the case ( 122]) is reduced to (120]) . This 
completes the proof. 
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